In this article, we review linear and nonlinear wave propagation in granular metamaterials with local resonances. The granular structures having inherent nonlinearity in contact interactions can support various wave dynamics from nearly linear to highly nonlinear regime depending on the precompression and wave amplitudes. Therefore it has been widely used for an ideal test-bed to realize different types of wave structures. The linear and nonlinear waves in granular metamaterials show distinctive features compared to those of conventional granular crystals due to local resonances. Moreover, the effect of local resonance on linear waves is substantially different from that on nonlinear waves in granular systems. For the comprehensive understanding of the effect of local resonances in granular metamaterials, their linear and nonlinear wave dynamics are compared with those of conventional granular crystals in both monoatomic and diatomic configurations.
Introduction
Mechanical waves produced by external perturbations propagate in media possessing elasticity and inertia. The characteristics of these waves depend on the mechanical properties of the media. Therefore, if one has a capability to design the effective mechanical properties of the media, the wave dynamics can be controlled at will, such as wave speed, propagating direction, dispersion and localization properties. Recently, with the development of advanced fabrication technology of composite materials and structures in wide range of scales from nano to macro scale, elastic metamaterials attract great attentions to control various mechanical waves, such as sound [1] [2] [3] , shock and vibration [4] [5] [6] [7] , and seismic waves [8] . An extensive amount of research has been reported and summarized in review articles [2, 3, [9] [10] [11] [12] [13] .
Among various types of elastic metamaterials, we focus on granular types of metamaterials in this article. Granular metamaterials are artificially designed granular structures consisting of discrete particles (see figure 1) , which are distinguished from conventional elastic metamaterials consisting of continuum media in complex geometry. Soil and sand are representative natural granular structures consisting of discrete particles, but their physical properties and dynamics [14] are rather different from those of granular crystals due to their disordered and dissipative nature. Thus, we exclude natural granular media from the scope of this article.
In granular metamaterials, stress waves propagate through the contact of neighboring particles. Thus the properties of particles and their contact interactions dominantly affect the mechanism of wave propagation. To understand the wave dynamics in granular structures, extensive studies have been performed in the setting of granular crystals, which are defined as closely packed periodic arrays of particles such as sphere, ellipsoid [15] , cylinder [4, [16] [17] [18] [19] [20] [21] [22] [23] [24] and their combinations [25] [26] [27] . Also, various materials have been tested ranging from metals to polymers. The most commonly used particle materials are stainless steel, while other kinds of metals (e.g., brass, aluminum, bronze) [28] [29] [30] , quartz [4, 17-19, 21, 22] , and soft polymer materials (nylon, Teflon, Delrin etc) [27, 30, 31] have been used for investigating various wave dynamics in granular crystals.
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1,2 and Jinkyu Yang 3, 4 Granular crystals have inherent nonlinearity, that is, the granular system does not support tensile force but only supports compression. Also the compression shows nonlinear behavior depending on the geometry at the contact. Interestingly, the nonlinearity of the wave dynamics in granular systems is tunable from nearly linear to highly nonlinear one by adjusting pre-compression and wave amplitude on the granular structure. This tunable characteristic of the granular crystal makes it as an ideal test bed for fundamental studies of nonlinear wave dynamics in granular crystals. After the pioneering work by Nesterenko [32] covering experimental investigation and theoretical study of granular crystals, there has been a burst of research activities on this subject. This is well summarized in several review papers and book chapters [33] [34] [35] [36] [37] . However, the wave propagation in locally resonant granular media (referred to as granular metamaterials in this paper) has been relatively less studied compared to that in conventional granular crystals. These granular metamaterials can potentially lead to engineering applications, such as vibration suppression [7, 17] and impact/blast mitigation [4] [5] [6] .
In this review article, we focus on linear and nonlinear wave propagation in granular metamaterials having local resonance. For the comprehensive understanding of the local resonance effects on the wave propagation, we compare the wave propagations in granular metamaterials with those in conventional granular crystals in this review. The remainder of this review article is structured as follows. We present fundamental models of granular metamaterials and their comparison with conventional granular crystals in section 2. We discuss wave propagations in linear regime in section 3 and nonlinear regime in section 4. Finally we conclude our review in section 5.
Numerical models
Contact law
Elastic waves propagate through contacts between particles in granular structures. Thus, the inter-particle contact significantly affects wave propagation in them. Granular structures do not support tension but only support compression. Generally, the compressive contact behavior is nonlinear due to the particle's curvature on the contact face. If the particle shows local deformations only at the contact region and the deformation can be considered as an elastic deformation, the contact behavior can be described with the Hertz contact law [38, 39] , which is expressed as
+ , where A is a contact coefficient and [δ] + is a compressive approach of the two particles. The contact coefficient depends on geometry and material properties of the particles in contact and defined as A = 4 3
, where R * , E * , and F c are effective radius, contact modulus, and correction factor, respectively. Details of the contact law and parameters for various contact geometry can be found in [15, 16, 38, 39] . Generally, the Hertz contact law well describes the contact behavior between particles made of hard materials such as metals or quartz particles. However, the nonlinearity exponent n in (F ∼ δ n ) depends on the geometry at contacts. In case of soft particles showing large deformation, such as particles made of soft materials or particles having shell-type geometry [40, 41] , the contact interaction is affected by the global deformation of the particles. In such a case the contact interaction in discrete element models is expressed in more complex forms to fit complex interactions behaviors, including one or more nonlinear terms with δ n . Here, if the exponent (n) is larger than 1 (n > 1), the force-compression relation shows hardening behavior, such as the Hertz contact (n = 1.5), while the exponent is less than 1 (n < 1) the contact shows softening behavior. Depending on the exponent, nonlinear wave dynamics substantially change.
This nonlinear contact enables versatile wave dynamics in granular crystals depending on the pre-compression (F 0 ) and dynamic force ( . This linearized contact stiffness depends on the amount of pre-compression (F 0 or δ 0 ) except the case of n = 1.
Model equations
A representative 1D model for the granular metamaterial having local resonance can be expressed as figure 2(c), which is compared with conventional granular crystals in monoatomic (figure 2(a)) and diatomic ( figure  2(b) ) configurations. The 1D monoatomic granular crystal can be simplified as point masses connected with equivalent nonlinear springs, where we use the Hertz contact interaction. Then the equation of motion of the nth particle in figure 2(a) can be expressed as
where A is the contact coefficient which is a function of material properties and geometry of the particles at the contact point [38] . The diatomic chain has two masses connected in series in a single unit cell as shown in figure 2(b). Multiple particles in a single unit cell make multiple vibration modes in a unit cell. The equation of motion of the nth unit cell shown in figure 2(b) is expressed as
The granular metamaterial also has multiple masses in a single unit cell. However, the auxiliary masses are connected only to the primary masses as shown in figure 2(c). This is called the mass-with-mass model, which is equivalent to the mass-in-mass model [5, 11] having local resonances inside of the primary mass. The equation of motion of the nth unit cell is expressed as
Here, k 1 is the linear spring coefficient between the primary and the auxiliary masses. The auxiliary mass could be connected with the primary mass using nonlinear springs depending on the setup [42] . If the pre-compression applied on the chain is much larger than the dynamic excitation (F 0 F d ), the nonlinear equations of motion can be linearized. For example, equation (1) can be written as below with the linearized contact stiffness β
Similarly, the nonlinear terms in equations (2) and (3) also can be linearized when the pre-compression is much higher than the dynamic force (F 0 F d ).
Linear wave propagation
In this chapter, we compare a dispersion curve of the granular metamaterial (figure 2(c)) with those of the two conventional granular crystals (monatomic and diatomic chains in figures 2(a) and (b)). This is to obtain comprehensive understanding of the linear wave dynamics in 1D granular lattices. In the linearized equation of motion of the 1D monoatomic granular crystal (equation (4)), the linearized contact stiffness is defined as β = and u n±1 = u n e ∓ika based on the Floquet's theorem, where ω, k, and a are angular frequency, wave number, and lattice constant, respectively. By introducing it to equation (4), we get a dispersion relation as follows:
where ω o = β/M . This represents that there is a single pass band limited by an upper cut-off frequency ω c = 2ω o (see figure 3(a) ). This shows that the frequency band of the monoatomic granular chain is determined based on the particle mass and the contact stiffness, which are primary parameters for the design of a frequency band structure in the granular crystals. Using the similar approach, the dispersion relation of the diatomic granular chain (figure 2(b)) can be obtained as below:
Also the dispersion relation of a granular metamaterial with a local resonator (see figure 2(c)) is derived as follow:
The dispersion curves of the three models in figures 2(a)-(c) are compared in figures 3(a)-(c), respectively, where we normalize the frequency with ω o = β/M (figure 3(a) and (b)) and ω n = k 1 /m 1 ( figure 3(c) ). The real value in the frequency axis shows the frequency pass band and the imaginary value represents the attenuation rate of the exponential decay for the corresponding wave in the frequency band gap. The conventional monoatomic granular crystal (figure 2(a)) shows a single low frequency pass band in figure 3(a) . However, the diatomic chain and the granular metamaterial with auxiliary masses (figures 2(b) and (c)) show additional frequency pass band and a band gap between the two pass bands. The additional pass band is produced by a newly generated vibration mode in the unit cell. Therefore, the number of frequency pass bands in the dispersion curve is equal to the number of vibration modes in a unit cell in granular crystals. However, depending on the connectivity of the additional masses, the cutoff frequencies of the dispersion curves change.
In the diatomic chain, the additional masses are connected in series in the chain ( figure 2(b) ) and the unit cell has two vibration modes: acoustic mode (the two particles in a unit cell move in-phase) and optical mode (the two particles in a unit cell move out-of-phase). The lower pass band in the dispersion curve corresponds to an acoustic mode and the upper one corresponds to the optical mode. The band gap is positioned between the two resonant frequencies of the particle M and m (see box I & III in figure 2(b) ), mathematically expressed by 2β/M ω band_gap 2β/m . Therefore, as the difference of the two masses is smaller, the band gap shrinks. If m is equal to M, the band gap disappears and the frequency band structure becomes identical to that of the monoatomic chain.
Similar with the diatomic chain, previous studies have shown that the granular metamaterial also has two pass bands due to the two vibration modes in a unit cell [4, 7, 17, 43, 44] . The lower pass band is related to the inphase motion of the two particles in the unit cell and the upper pass band is related to the out-of-phase motion of the particles. However, the band gap is totally different from that in the diatomic chain. In the granular metamaterial, the band gap appears due to the local resonance of the mass m 1 . The peak frequency in the imaginary curve corresponds to the resonant frequency of the auxiliary mass attached on the primary mass M, as expressed mathematically by ω n = k 1 /m 1 (see box II in figure 2(c) ).
The onset frequency of the second pass band is identical to the resonance frequency of the out-of-phase mode in the unit cell, ω 2_onset = k 1 (M + m 1 )/Mm 1 . The cut-off frequency of the 1st pass band is
. Therefore, the band gap exists in the range of ω 1_cutoff ω band_gap ω 2_onset . In this band gap, the effective mass density (i.e., homogenized mass of a unit
n −ω 2 becomes negative. If one connects additional spring-mass units to the primary mass, additional band gaps/pass bands are produced [4, 17] . The band gap produced by the local resonance in granular metamaterials cannot be closed, which is different from that in the diatomic chain.
The granular crystals with the nonlinear Hertzian contact allow to tune the linear wave propagation under external compression, because the linearized contact stiffness in the chain depends on the pre-compression with the relation of β = Despite extensive theoretical studies, the experimental demonstration of the linear wave propagation in granular crystals have been relatively less studied. Boechler et al [25, 28] experimentally demonstrated linear waves in a diatomic granular chain (two particles in unit cell) and a triatomic granular chain (three particles in unit cell). Also researchers have proposed and experimentally demonstrated several ways to tune linear waves in granular crystals. Yang et al [45] experimentally showed that the frequency band in diatomic chains can be controlled by changing their curvatures. Li et al [46] demonstrated that in a monoatomic cylinder chain the frequency band gap can be produced and controlled by giving a center-of-mass offset to the particles. This is because the centerof-mass offset from the axis of the chain induces additional vibration modes such as rotational vibration and the vibrations in transverse directions. Also in the chain consisting of identical cylindrical particles, Meidani et al [18] showed that various diatomic systems can be built by setting two different contact angles in alternating patterns, because the contact stiffness depends on the contact angle in the cylinder chain.
Recently, there have also been attempts to study linear wave propagation in granular metamaterials with local resonances. Lazarov and Jensen [42] investigated a system with nonlinear oscillators and showed that the band gap can be shifted depending on the wave amplitude due to these nonlinear oscillators. From the experimental standpoint, several types of experimental models have been studied. Gantzounis et al [7] investigate the effect of local resonance with spherical beads having an attached ring resonator. Bonanomi et al [43] designed a massin-mass model by locating a spherical solid in a hollow sphere with a 3D printed supporter, and investigated a frequency band of the structure. Kim and Yang [17] investigated the wave propagation in chains composed of slender cylinders. They showed that the bending vibration mode of the slender cylinder is coupled with the propagating wave, which works like local resonance as in figure 2(c). While these studies focus primarily on the linear wave dynamics in granular metamaterials, their nonlinear mechanisms will be richer in physics due to the interplay between wave dispersion and nonlinearity. The following section will discuss this.
Nonlinear wave propagation
In this section, we review highly nonlinear wave propagation in granular metamaterials ( figure 2(c) ) and compare their wave dynamics with those of conventional granular crystals shown in figures 2(a) and (b). A solitary wave is a representative nonlinear wave in homogeneous granular crystals under zero pre-compression, which shows a consistent wave form as it propagates. A conventional solitary wave in granular crystals with the nonlinear Hertz contact is observed by solving the equation of motion (equation (1)) in section 1. A comprehensive review can be found in [32, 33, 36, 47] . The solitary wave has been widely studied for the applications of non-destructive testing and inspection of mechanical properties due to its high sensitivity when it is reflected at boundary [48] [49] [50] [51] [52] [53] [54] [55] . Also its reflection at the boundary is highly sensitive to the mechanical properties of the boundary.
Recently, Jayaprakash et al showed a new family of solitary waves in dimer chains having one heavy and one light masses (1:1 dimer chain) [56] and having one heavy and two identical light masses (1:2 dimer chain) [57] . In 1:1 dimer chain, solitary waves appear when the mass ratio of the heavy and light particles satisfy specific conditions (see an example in figure 4(a) ). In these mass ratios, each of the heavy and light masses shows symmetric velocity profiles, which is called nonlinear anti-resonance (see figures 4(b) and (c)). Depending on the mass ratio, various nonlinear anti-resonance phenomena appear with different solitary waveforms. Each of nonlinear anti-resonance has a corresponding nonlinear resonance condition with a different mass ratio. In these resonance conditions, the traveling leading wave attenuates with significant wave tails (see figures 4(d)-(f)), which means that the wave energy radiates as it propagates [58] . In 1:2 dimer chain, the solitary waves appear under specific mass ratios and stiffness ratios in the two different contacts between heavy/light particles and light/light particles. In those conditions, the light particles show anti-symmetric velocity profiles, while heavy particles show symmetric velocity profiles. These previous works show that the heterogeneous chains can show interesting wave tailoring characteristics depending on their relative interactions between adjacent particles. These nonlinear resonances and anti-resonances in heterogeneous chain are experimentally validated in [59] . Moreover, Chaunsali et al [21] numerically and experimentally demonstrated that these nonlinear resonance/ anti-resonance phenomena also appear in the granular chain consisting of identical cylindrical particles by varying contact angles between the cylinders. The solitary wave in this stiffness variation shows asymmetric velocity profile and symmetric force profiles, which is opposite to the trends in sphere chains.
Interestingly the nonlinear resonances appear with energy transfer from low-frequency to high-frequency and energy cascading from low-wavenumber to high-wavenumber. Also, an interesting nonlinear beating waveform is observed, which is composed of three nonlinear pulses that are entangled and propagate together. These rich wave dynamics in heterogeneous chains show that the nonlinear pulses can be controlled by designing multiple vibration modes in a unit cell structure.
Including the diatomic chain, various decorated and tapered (graded) chains are also investigated for impact mitigation by absorbing and dispersing the impact energy [60] [61] [62] [63] [64] . In the tapered or graded chains having gradually varying particle mass or stiffness, the wave speed gradually changes depending on the mass and stiffness variations. Interestingly when the contact stiffness gradually varies in the cylinder chain, the wave speed and force intensity also varies with minimum scattering of the impulse energy [64] . However, when the particle mass varies in a sphere chain, the impact energy efficiently scatters as it propagates due to the momentum changes in particles [60, 62] .
Next, we review the nonlinear wave propagations in the granular metamaterials in mass-with-mass (or massin-mass) form (see figure 2(c) ). Among several experiment models, cylinder chains have been widely used for investigating nonlinear wave propagations in granular metamaterials. Low frequency bending vibration modes of slender cylinders are coupled with propagating nonlinear waves in the cylinder chain. The vibration modes of the cylinder are selectively coupled depending on the contact positions with neighboring cylinders in the chain. Moreover, the frequency of the coupled mode can be designed by changing the aspect ratio of the cylinder and its materials.
Nonlinear waves propagating in the cylinder chain is also numerically demonstrated with a simple discrete element model [4, 19] and a finite element model [20] . The effect of local resonance on the nonlinear wave is well presented in [19] with various cylinder chains consisting of quartz cylinders with various aspect ratios. If the aspect ratio of the cylinder is small and a local vibration mode (the 1st bending mode of the cylinder) is weakly coupled with the propagating nonlinear wave, a conventional solitary wave forms and propagates with minor oscillating tails, which is called nanopteron (not visible in figure 5(a) due to its small magnitude). If one bending mode (the 1st bending mode) is strongly coupled with propagating nonlinear wave, a discretized wave forms and propagates as shown in spatio-temporal map in figure 5(b) . This is because the energy in the leading wave is gradually absorbed in the local resonators as it propagates, which makes the leading wave disappears. The absorbed energy in the local resonators is released and accumulated after a time delay, which makes another propagating waves. This energy absorption-release phenomenon repeatedly happens as the nonlinear wave propagates. The temporal gap between two discrete waves depends on the natural frequency of the resonator. If two local bending modes in each cylinder are strongly coupled with the propagating nonlinear waves, two energy absorptionrelease mechanisms happen consecutively with two different time delays. First the nonlinear wave is discretized with large time delay due to low frequency local resonators, and then each wave becomes discretized again with small time delay due to high frequency local resonators. Interestingly, this multiple disintegration of the nonlinear wave substantially reduces the wave intensity by dispersing the waves in space-and time-domain. This is an attractive feature for impact mitigation.
Kim et al [4] optimized cylinder lengths in a cylinder chain to maximize the impact mitigation and found that the impact wave disperse fast by locating longer cylinders in front part of the chain and placing shorter cylinders in the rear part of the chain ( figure 6(a) ). The impact wave is disintegrated into two parts with a large time delay due to small resonance frequency, and they are disintegrated again in rear part of the chain due to high resonance frequency in short cylinders (see figure 6(b) ). Also, it was found that a disordered pattern in the cylinders' alignment helps disperse the wave further. They showed that the optimized cylinder chain can reduce blast waves also with the same mechanism. Kim et al [20] also investigated impact wave propagation in a 3D granular crystal, which is an extended form of the 1D cylinder chains by using 2 × 2 stacks of the cylinders as shown in figure 7(a) . In this reference, new ways to efficiently disperse the impact wave in 3D cylinder stacks have been introduced. In this structure, stress wave propagates through two contact points in each layer. If the two contact points in each cylinder are symmetric in term of the cylinder's center, only limited vibration modes are strongly coupled and the effect of wave dispersion is limited. However, if the contact points are in asymmetric locations in each cylinder, the number of local bending modes coupled with the propagating wave can be increased, which substantially disperse the impact wave as shown in figure 7(d) . Also, the impact energy can be efficiently divided into two with a time delay by locating the two contacts in the positions showing out-of-phase motion of the coupled bending mode. It is notable that the impact mitigation in this granular metamaterial depends on the energy dispersion mech anism due to local resonance. Conventional way of impact mitigation depends on damping of the mat erials. The materials having high damping are mostly soft, and stiff materials mostly have low damping properties. Thus, designing a stiff material showing good impact mitigation performance is a challenging prob- lem. However, if one uses energy dispersion mechanism shown in granular metamaterials for impact mitigation, designing highly stiff materials with satisfactory impact mitigation properties would be possible.
Summary and conclusions
We reviewed linear and highly nonlinear wave propagations in granular metamaterials. To comprehensively understand the wave propagation in granular metamaterials, we compared the wave dynamics of granular metamaterials with those of conventional granular crystals such as monoatomic and diatomic chains. In the linear wave regime, both the diatomic chain and the granular metamaterial with a single local resonator generate multiple frequency pass bands and a band gap due to a pair of vibration modes in a unit cell structure. However, the granular metamaterials form strong band gap (attenuation rate in the band gap goes infinite) in the frequency regime where the effective mass density becomes negative, while the band gap in diatomic chains is not relevant to the effective negative mass density. Also, the band gap is relatively weak (attenuation rate in the band gap is finite) compared to that in granular metamaterials.
In the highly nonlinear regime, rich wave dynamics exist, such as various forms of solitary waves with nonlinear anti-resonance phenomena, energy dispersion with nonlinear resonance phenomena, and nonlinear beating. Also in a tapered or graded chain, we observe acceleration and deceleration of the impulse in a cylinder chain, and efficient energy dispersion in a tapered sphere chain. In granular metamaterials, the local resonances coupled with the nonlinear pulse result in the disintegration of the propagating pulse. This mechanism is useful for efficiently dispersing the high intensity impact wave by using multiple local resonances with different resonance frequencies or by gradually varying the cylinders from long to short ones in the chain. Also in 3D cylinder setups, interesting wave dispersion mechanisms are reported by properly locating the contact positions in the cylinder. These wave attenuation mechanisms in granular metamaterials are based on energy disintegration or dispersion, while in traditional impact mitigation depends on damping in the system. These energy dispersion mechanisms enable a new way to the development of high stiffness materials showing efficient impact mitigation, which is a challenging task with conventional materials. The aforementioned wave dynamics in granular structures can be potentially used for various engineering applications, such as impact mitigation, vibration suppression, energy harvesting, and wave-based nondestructive testing devices, by manipulating stress waves propagating in them.
